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Linearization of actions of locally compact groups

by

J. de Vries

ABSTRACT

In this paper we shall discuss the problem of linearization of actions
of locally compact topological groups. Roughly, this concerns the following
problem: given a group of homeomorphisms on a topological space, can this
space be embedded in a topological vector space in such a way that the
homeomorphisms from the given group become restrictions of linear homeo-
morphisms of the vector space? If the spacé under consideration is a Tychonov
space, then the answer is "yes". There exist several constructions in the
literature which prove this, and most of these turn out to be modifications
of one single construction. This will be illustrated in Section 3 of this
paper. In Section 2, a categorical framework for this basic construction

will.be evolved.

KEY WORDS & PHRASES: topological transformation group, G-spaces lineariza-

tion of G~spaces, categories of G-spaces.






LINEARIZATION OF ACTIONS OF LOCALLY
COMPACT GROUPS

JAN DE VRIES (Mathematisch Centrum, Amsterdam)

1. INTRODUCTION

In this paper we shall discuss the problem of linearization of actions of
locally compact topological groups. Roughly, this concerns the following
problem: given a group of homeomorphisms on a topological space, can this
space be embedded in a topological vector space in such a way that the
homeomorphisms from the givenvgrdup become restrictions of linear homeo-

morphisms of the vector space?

1.1. Notational conventions. All notation is more or less standard. The

identity mapping of a set X onto itself is denoted by 1X. If £ is a mapping,
< <

then inverse images are denoted by £ [A], £ (x), etc.

The expressions A := B and B =: A mean that A is defined to be B, If

m: X X Y > 2 is a function then ﬂxy = T{x,y) =: vy(x) for every (x,y) eXX¥,

So T € ZY for every x € X and "y € Zx for every v € Y. The mappings

b4 T X ZY and y*=> ©m_: Y > zX are denoted by T and 7, respectively;
thus, E(X) = ﬂx and Efy¥ =7 for x € Xand y € Y.

If a topological group G is gizen its discrete topology, this is indicated
by writing Gd'

The unit element of a group G is always denoted by e.

For categorical notions, cf. MACLANE [1971]. In particular, the category of

all topological spaces and continuous mappings will be denoted TOP.

1.2. Definitions. The following notions are basic in this paper. A topo-
logical transformation group (ttg) is a triple <G,X,n> where G is a topo-

logical group, X is a topological space and m: G X X > X is a continuous



mapping such that ﬁe = 1X and ﬂsowt = HSt for all s,t € G. So T: t ﬂt is
a homomorphism of G into the group of all autohomeomorphisms of X. The
group G and the space X are called the phase group and the phase space of
the ttg, and the mapping 7 is called the action of G on X. As a synonym

for "phase space of a ttg with phase group G" the term G-space will be used;
but éometimes we shall also call the ttg <G,X,7w> a G-space. An invariant
subset of a G—sﬁace <G,X,m> is a subset Y of X such that w[GxY] ¢ ¥; an in-
variant point is a point x ¢ X such that {x} is an invariant subset. If Y

- 1= ﬂ] : GXY~>Yis an action

Y GxY"®
of G on ¥; the resulting ttg <G,Y,ﬂy> is called the restriction of <G,X,nw>

is an invariant subset of <G,X,n>, then 7

to Y.

A lipear ttg, or a linear G-space, is a ttg <G,V,m> in which V is a
topological vector space and wt € GL(V) for every t € G, i.e., each ntis a
continuous linear operator on V with continuous inverse. In this paper, all

linear G-spaces will be assumed to be locally convex and separated.

1.3. Examples.
1. If X is a topological space and G is a subgroup of the group of all

autohomeomorphisms of X, then <G_,X,8> is a ttg, where 6§ is the evaluation

mapping, 6(¥,x) := Y(x) for ¥ € g and x € X. If X is a uniform space and Gu
is the group G endowed with the topology of uniform convergence on X, then
in the following cases <Gu,X,6> is a ttg: (a) G is equicontinuous, and (b)
X is compact. See BOURBAKI [1971], Chapter X, or DE VRIES [1975c], Subsec-
tion 1.2, where also other topologies on homeomorphism groups are considered.
2. Suppose f: X »> R’ is a continuous vector field on an open subset
X of R® such that the initial value problem for the autonomous differential
equation x = f£(x) has the property that solutions exist, are unique and can
be extended over R . If ﬂx: R < X denotes the solution with initial value
wx(O) =X ¢ X, then 7: (t,x) P wx(t): R x X = X is continuous, and <R,X,7>
is a ttg (global dynamical system)., For the topological study of problems
arising from the qualitative theory of autonomous differential equations in
the framework of ttg's (topological dynamics) the reader is referred to
BHATIA & SZEGO [1970] or I.U. BRONSTEIN [19797.

2

3. Let ¢*(R®,R) := {f: R2 >R | £ is C" and f and its

2
partial derivatives of first order are bounded}; for any function £: R™ + R,
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define f(x, ,x.) := f(x X, ) exp%(x +x ), and let Coo = {¢: " > R l Ve

172"
2
€ C (‘R ]R)} Then C°° w1th the unlform norm is a Banach space. Deflne

T: R X C - C by T(t u)(xl,xz) := u{x,+t,x_+t) exp[(x +X, )t+t ]l for t ¢ R,

1 2
2 )
u € C and (xl,x }) € R . Then <R, C ;T> is a linear ttg; cf CARLSON
[1972b]. It is useful to observe that for every u € C the. mapping
* 3
Tu: (t,xl,xz)!+-T(t,u)(x1,x2). IR~ > R is the unique solutlon of the par-
tial differential equation

Bxl 8x2

satisfying the initial value condition TZ(O,xl,xz) = u(xl,xz) for all
(X1’X2) € ]R2

4. If G is a topological group and Y is a topological space, then let
C (G,Y) be the space of all continuous functions from G to Y, endowed with
the compact-open topology. Define p: G X C (G,Y) » C (G,Y) by p f(u) := f£(ut)
for £ ¢ CC(G,Y) and t,u € G. Then <Gd,Cc(G,Y),p? is a ttg, and if G is local-
ly compact, then p is continuous on G X Cé(G,Y), so in that case
<G,CC(G,Y),p> is a ttg. Observe, that if Y is a Tychonov space, then so is
CC(G,Y). If V is a locally convex topological vector space then with point-
wise defined linear operations, CC(G,V) is a locally convex topological
vector space as well; it is complete with respect to its additive uniformity
(which coincides with the uniformity of uniform convergence on compacta)
provided V is complete and G is locally compact (cf. KELLEY [1955],p.231).

5. Let C (GxG) denote the space of all contenuous functions from G %X G
to R, endowed with the compact-open topology. If r f(u v) = £(ut,v) for
(t,f) e G % CC(GXG) and (u,v) € G x G, and if G is locally compact, then
<G,CC(GXG),r> is a linear G-space. Observe, that in a certain sense this
linear G-space is related to the linear ttg of example 3 (for the case G=R),
because <G,CC(GXG),r> is isomorphic with the linear G-space <G,Cc(GXG),0>,
where ctf(ﬁ v) = f(ut,vt) for (t,f) € G X C (GxG) and (u,v) € G X G. Actual-
ly, an 1somorphlsm is given by the mapping f'+ f': C (GxG) C (GxG) , where
£'(u,v) := f(u,vu ) for £ ¢ C (GxG) and (u,v) € G X G (see Sectlon 2 for
the definition of (lso)morphlsm).

6. Let G be a locally compact Hausdorff group and fix a right Haar

&



measure Y on G (normalized by u{G) = 1 if G is compact). Let, for 1 < p < =,
LP(G) denote the space of (equivalence classes of p-almost everywhere equa;)
p-measurable functions f: G - IR such that Iflp is u—\integrable. Provided
with the usual norm H-HP: £ = (fGlflpdu)l/p: LP(G) > Iik, Lp(G) is a Banach
space. If we define p: G % Lp(G) > LP(G) similar as in Example 4 (right
translation), then p is continuous, and <G,LP(G),p> is a linear G-space;

cf. DE VRIES [19750], Subsection 2.3. In particular, <G,L2(G),p> is a uni-
tary Hilbert G-space, that is, a G-space whose phase space is a Hilbert
space and where the action is by means of unitary operators. In this example,
R can, of course, be replaced by € and even by a (real or complex) Hilbert
space H. Thus, if LP(G,H) is the space of (equivalence classes of) weakly’
y-measurable functions f: G > H such that fGﬂf"pdu exists and is finite,
then Lp(G,H) is a Banach space (in the case p=2 it is a Hilbert space) and
<G,LP(G,H),p> is a linear G-space.

7. Let G be a locally compact, sigma-compact Hausdorff topological
group. Using results of PAALMAN-DE MIRANDA [1971] and DE VRIES [1972a;1979]
it can be shown that there exists a function w: G > R such that
(i) w(t) > O for every t ¢ G;

(ii) wi(st) 2 w(s) w(t) for every (s,t) € G X G;
(iii) w € CO(G) n anl LP(G), i.e. w is continuous, W(t) + 0 for t + o in
G, and all powers of w are pu-integrable (here u denotes right Haar
" measure on G). »
A function with these properties will be called a (continuous) weight func-
tion. For a fixed weight function w on G, a regular Borel measure v can be
defined by dv := wdp, that is,

f f(t)dv(t) := J f(t)wlt)du(t), £ e C. _(G).

00
G G

By condition (i) above, the support of v is all of G. Let LZ(G,V) denote

the Hilbert space of all square v-integrable functions on G (real valued).

For f ¢ LZ(G,v) and t € G it is easy to show that ptf € LZ(G,v); here ptf

is defined as in Examples 4 and 6. In fact,pg LZ(G,v) > LZ(G,V) is a .

bounded linear operator with "pt“ < w(t)_l. Moreover, p: G x L2(G,v) -+ L2(G,v)

is continuous and <G,L2(G,v),p> is a linear G-space (even a Hilbert G-space,

&



but not a unitary Hilbert G-space); see DE VRIES [1975¢],pp.74-77. In a
similar way, we can define, for every Hilbert space H, the Hilbert G-space
<G,L2(G,v;H) ,0>. Here L?(G,v;H) is the Hilbert space of all weakly Borel
measurable functions f: G + H such that l£l, := (‘fGHf(t)ﬂzc“i\)(t));5 exists

and is finite.

1.4. We can now formulate our problem more precisely. We shall say that a

ttg <G,X,nm> has a linearization whenever it can be obtained as the restric-
tion of a linear G-space <G,V,0> to an invariant subset; that is, whenever
there exists a topological embedding i: X - V such that for every t € G the

the following diagram commutes:

The question is: which ttg's have actually linearizations? In this form, the
linearization problem has been considered by many authors, e.g.BEBUTOV

(cf. NEMYCKIT [19491, MosTov [1957], PALAIS [1961], DE GROOT [19621,

BAAYEN & DE GROOT [1968], EDELSTEIN [1970], Janos [1970], MANES [19721, to
mention only a few (see also Section 3). The problem can also be considered
in a slightly different form: under which conditions can the phase space X
of a ttg <G,X,m> be embedded in a linear space V in such a way that, if i
denotes the embedding mapping, {ﬂt | t e} = {i+°¢°i | ¢ € 8} for some

subgroup & of GL(V); if so, can we obtain a commutative diagram

<
-o-
<
(=)

¥

R(9)

where R: ® -~ G is a homomorphism? This point of view has been worked out in
BAAYEN [1964] and DE VRIES [1975c], Subsections 6.1 and 6.8, and we shall

not consider it here.



The following theorem gives a necessary and sufficient condition for a
G-space to have a linearization., The result appears explicitly in HAJEK
[1971], DE VRIES [1975c], and SMIRNOV [1976]; it is implicit in almost all
papers cited in the references. In Section 2 we shall give a categorical
framework for the proof of the following theorem, and in Section 3 we shall

discuss some modifications of the proof, leading to various results.

1.5. THEOREM. Let G be a locally compact Hausdorff group. Then the following
conditions are equivalent for a G-space <G,X,T>:
(i) There exist a linear G-space <G,V,0> and a topological embedding
i: X > V such that UtOi = iowt for all t € G.
(ii) X can be embedded in a topological vector space.

(iii) X is a Tychonov space.

PROOF. (i) = (ii) <= (iii): obvious or well-~known.

(ii) = (i) : The mapping
: > :
T: X ﬂx X CC(G,X)

is a topological embedding (cf. e.g. DE VRIES [1975c], 2.1.13). Let f: X > VO
be an embedding of X in a topological vector space VO' Then
h ~ foh: CC(G,X) -> CC(G,VO) is a topologicai embedding (cf. Example 4 above

for‘notqtion), and so is
iz =g H > .
i: x f°ﬂx X Cc(G'VO)

Now <G,CC(G,VO),p> is a linear G-space (cf. Example 4) and it is easily

t
checked that p oi = iont for all t € G. [J
2. CATEGORIES OF G-SPACES

In this section ,. G shall always be a locally compact Hausdorff group.

2.1. If <G,X,m™ and <G,Y,0> are G-spaces, then an equivariant mapping from

X to Y is a mapping f: X = Y such that f°ﬂt = Gtof for all t € G )1v

&

1 v
) If this relation holds only for all t in a subgroup H of G, then f is

called an H-equivariant mapping.



Continuous equivariant mappings will be called morphisms of G-spaces.
These morphisms, together with the class of all G-spaces, form in an obvious
way a category, which will be denoted TOP®. Two G-spaces are isomorphic if
they are isomorphic in this category (i.e., if and only if there exists an
equivariant homeomorphism between them).

There is an obvious functor SG: TOPG + TOP, the phase space functor,
defined by ' '

<G,X,nm> % X on objects

f = f on morphisms (forgetting the property of being

equivariant) .

1f K is a subcategory of TOP, then KG 1= (SG)+[K]. Then KG is a subcategory

of TOPG, and KG igs a full subcategory of TOP® if and only if K is full in

TOP. We shall consider only the following subcategories of TOP (which were

not considered in DE VRIES [1975c]): .

CR: the full subcategory of TOP, determined by the class of all Tychonov
spaces;

LCV: objects: all locally convex Hausdorff topological vector spaces;
morphisms: all continuous linear maps between such spaces;

CLCV: the full subcategory of LCV, determined by the class of all complete
locally convex Hausdorff topological vector spaces.

However, we are not so much interested in the categories LCV® and CLCVG:

we want to consider linear G-spaces. So let 1-LCVE and 1-CLCVE Genote the

full subcategories of LCVE and CLCVG, respectively, determined by the clas-

ses of all linear G-spaces and all complete linear G-spaces, respectively.

2.2. We shall give now a brief review of the relevant parts of DE VRIES
[1975c], Subsection 3.2 and 6.3. The results, formulated there for TOPG,
apply also to its subcategory CRG and we shall formulate them only for the
latter.

The functor $€: CR® + CR has a left adjoint. In fact, it is even a
monadic functor. It follows, that SG creates and preserves limits and mono-

morphisms. Since CR is complete, this implies that CR® is a complete category.



For example, products in CR are just cartesian products of the phase spaces

with coordinate-wise action of G. Monomorphisms in CR are continuous equiv-

ariant injections. (For these results, local compactness of G is irrelevant.)
As G is locally compact, the functor SG has also a right adjoint MG:

CR +1CRG; It is given by

X <G,CC(G,X)ID> on objects
Me.

£ fo- on morphisms,

where for f: X »- Y (in CR) the morphism fo- in CR® is defined by
fo—: h# £oh: CC(G,X) > CC(G,Y). The unit of the adjunction of s@ and

G
M~ is given by the universal arrows
T GG
<G,X,T> ——=— <G,CC(G,X),p> = M7S7<G,X,m>

G U
for objects <G,X,m> in CR™, and the counit is given by the arrows

8

sCMCy = c_(G,¥) —_— sy

for objects Y in CR (Ge denotes evaluation-at-e). Recall, that the charac-

teriéing property of the counit is the following: for every object <G,X,T>

G
in CR” and every continuous function f: X - Y there exists a unique morphism

~

£: <G,X,m> > <G,C_(G,¥),p> such that seoE = f,

o 8§
<G,C_(G,Y) ,p> c (G = > Y
4 4 '
] |
£ £ £
' 1
<G,X,T> X

In fact, f is given by E := foyw. It follows that if £: X > Y is a topological
embedding, then f: x » CC(G,Y) is a topological (and equivariant) embedding:

cf. the proof of Theorem 1.5.

£



2.3. REMARKS.

1. In sMIRNOV [1976], Thm.5, it has been shown that in the above situa-
tion, % is a closed embedding whenever f is a closed embedding and G is com-
pact.

. 2. If we denote the set of all morphisms of G-spaces from <G,X,T> to
<G,CC(G,Y),p> by MOMG(X,CC(G,Y)), then the adjunction of SG and MG described

above implies that
£ f = fom: C(X,Y) ~ Mo&G(x,cc(G,Y))

is a bijection which has as its inverse the mapping E*+ Geog. By elementafy
results about function spaces {cf. DUGUNDJI [1966], XII.2.1), both mappings
are continuous if C(X,¥Y) and MOMG(X,CC(G,Y)) are given the compact-open
topology. This fact has been observed, among others, in MAXWELL [1966] and
SMIRNOV [1976],Thm.7.

3. The adjunction of ¢ ana MC is also related to results about ex-
tensors for G-spaces (or cogenerators in a more categorical language); cf.
DE VRIES [1975c], Subsection 6.4 and also DE VRIES [1979b].

4. The functor SG has not only a right adjoint, it is comonadic. So
SG preserves and creates colimits and epimorphisms. In particular, epimor-
phisms in CRG are just the equivariant continuous mappings having a dense

range.

2.4. LEMMA. The functor MC sends LCV into 1-LCV® and CLCV into 1-CLCVC.

Moreover, the restricted functors

MC: LCV - 1-LCVE  and W=QW+ﬁ{mW
are right adjoint to the restricted functors

s 1-LCVE > LCV ana  S%: 1-CLCVE - CLCY,

respectively.

&
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PROOF. The first statement is easily checked (cf. also the observations in
Example 4 of Section 1). The second statement is an immediate consequence
of the first and the observation that the universal arrows 71 and Se in 2.3

are linear if <G,X,m> is a linear ttg and Y is a linear space. [J

2.5. We shall discuss now a linearization process which is completely dif-.
ferent from the construction suggested in the proof of Theorem 1.5, although
for the proof of its correctness we need the functor MG.

The following is well-known. The category LCV is a reflective subcate-
gory of CR, the reflector being the "free topological vector space functor”
F: CR » LCV. For every object X in CR, FX is the free locally convex
Hausdorff topological vector space, generated by X. The canonical mapping
ix: X + FX (reflection of X in LCVY) has the following properties:

(i) Por every continuous function f: X » V, where V is an arbitrary object
in LCY, there exists a unique continuous linear mapping f: FX - V such
that £ = foi_. _

(ii) iX: X -+ FX is a closed embedding, and the linear hull of ix[X] is just
all of FX.

Next, observe that CLCY is a reflective subcategory of LCV, the reflector

of LCV into CLCY being the "completion functor" (in fact, CLCV is the re-

flective subcategory of LCV, generated by the full subcategory of all Banach
spaces) . Thus, if ?X denotes the completion of X, then the composite func-
tor F: CR - CLCV is a reflector, and the mappings iX: x + Fx (we consider,

for convenience, FX just as a subspace of EX) have the following properties:

(iii) The same universal property as described in (i) above, but now for

objects v in CLCV.

(iv) iX: x ~ Fx is a topological embedding and the linear hull of iX[X] is

dense in FX.

We shall show now, that similar results are valid for the corresponding

categories of G-spaces.

2.6, LEMMA. The inclusion functors

1-cLcve - 1-Lcve -+ cr®
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all have left adjoints, that is, 1-CLCVC is a reflective subcategory of
1-LCVC and 1-LCV® is a reflective subcategory of CRC.

PROOF. Straightforward consequence of general criteria (cf. e.g. HERRLICH &
STRECKER [1973],37.1). For the application of these criteria, the descrip-
tion of products, monomorphisms and epimorphisms in CRG as given in 2.2 and

2.3(4) above are useful. [

Our next lemma will be the tool for investigating the reflections of objects
G

of CR® into 1-LCV® ana 1-CLCVE. 1t is related to the proof that the adjoint

of a composition of functors is the composition of adjoints; for thé rather

straightforward proof, cf. DE VRIES [1975cl,4.4.10.

2.7 LEMMA. Let Y and C be categories, YO and CO reflective subcategories of
Y and C, respectively. Suppose we are given a functor Q: C >~ Y having a
left adjoint P: Y » C with unit a: 1Y + OP and counit 8: PQ - 1C such that
(i) P[Y0] = CO and for each object C.in CO' the universal arrow

BC: PQc -~ ¢ is in CO'
(ii) Q[C0] c YO and for each object Y in YO the arrow o : Y = QPy is in YO'
Then the functor P preserves reflections, i.e., if Y is an object in Y and
p.: Y > FY is its reflection in YO’ then PpYi Py - PFY is the reflection of

Y
Py ié CO. 0

The following diagram illustrates the situation:

0

2.8. THEOREM. Let <G,X,T> be an object in CRC. Then its reflection in ~
1-LCV® has the form

. *
igs <G,X,m> > <G,Fx,n">
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where ix: X > FX is the canonical closed embedding of X into the free local-

ly convex Hausdorff topological vector space over X.

PROOF. Apply 2.7 to the following situation

LCV < ~ CR

SG MG

1-LeVC® e————» CR®

and observe that by 2.4 and its proof the conditions (i) and (ii) of 2.7 are

fulfilled. [

2.9. COROLLARY. Let <G,X,T> be a ttg with X a Tychonov space, and let

iX: X » FXx be the canonical embedding of X in the free locally convex
Hausdorff topological vector space over X. If for every t ¢ G the canonical
continuous linear extension of nt: X > X over FX is denoted by ‘

% Fx > Fx, then s (t,&) » n*tg: G x Fx + FX is continuous, and
<G,Fx,ﬂ*> is a linear G-space in which <G,X,m> is equivariantly embedded as

a closed invariant subset.
PROOF. This is just a reformulation of 2.8. [I

REMARK. A direct proof of 2.9, not using categorical methods, can he given
along the lines of EISENBERG [1969]. However, also in that proof the linear
G-space <G,CC(G,VO),p>, used in the proof of Theorem 1.5 above, plays a
role, Similar methods to obtain linearizations of mappings have been used

in MANES [1972].

2.10. THEOREM, Let <G,V,T> be an object in 1-LCVG. Then its reflection in
1-CLCVG has the form

~ o

Jyi <G,V,m> = <G,V,T>

where jV: V > V is the canonical embedding of V into its completion.

£
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PROOF. Apply 2.7 to the following situation

CLCV e— > LGV
SG MG
1-CLCVSe— »1-Lcv¢ . O

2.11. COROLLARY. Let <G,V,7> be a linear G-space and jV: v

-

> V the canonical
embedding of V in its completion. For every t € G, let T : v -

V denote the
. , , t o~ o~ S

continuous linear extension of 7 : V +~ V., Then T: (t,§) & ntg: G XV-~>YVY

is continuous and <G,V,T> is a complete linear G-space in which <G,V,n> is

equivariantly embedded as a dense invariant linear subspace.
PROOF. Clear from 2.10. [J

2.12. REMARK, Our proof of 2.11 is, in fact, a categorical "mystification"
of the following simple argument, which is very close to the proof of

Theorem 1.5. Consider the equivariant embedding Elé-jvow <G,V,w> >

> <G,CC(G,§),p>. Here CC(G,G) is complete, hence the cloiure V of the image
of V in CC(G,V) is complete (and locally convgx, of course). Since V is an
invariant subspace, the restricted G-space <G,V,p§> is a complete linear
G-space in which <G,V,7> is densely and equivariantly embedded. Since every
densé’linear embedding of V into a complete locally convex vector space

is isomorphic to the completion V of V, this proves 2.11.

2.13. We leave it to the reader to combine 2.8 and 2.10 in order to find a

description of the reflection of an object of CR® into 1-CLCVE.
3. SOME PARTICULAR LINEARIZATIONS

In 1.5 and 2.9 we have presented two different constructions which prove

that Tychonov G-spaces have linearizations, provided G is locally compact.
In this section we shall present some modifications-bf our first construc-
tion. In this way we are able to review most of the linearizing construc-

tions which have been given in the literature.

&
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In this section, <G,X,n> shall always denote a G-space with G locally
compact Hausdorff and X a Tychonov space. Our aim is not only to construct
a linear G-space for every G-space <G,X,T> separately, but to obtain "uni-
versal" G-spaces in which all members of a class of G-spaces can equivariant-

ly be embedded.

3.1. Our starting point is the last remark in 2,2: every embedding f: X =+ V
in a locally convex Hausdorff vector space induces an equivariant embedding

of <G,X,7"> in a linear G-space, viz.
X > f0ﬂx: <G,X,m> > <G,Cc(G,V),p>.

We shall mention now some straightforward applications of this observation.

3.2. If X is a separable metric space, then X can be embedded in the Hilbert
space £2, so <G,X,m> can equivariantly be embedded in <G,CC(G,£2),p>; Far
the special case that G = R and X is.a separable metrizable locally compact
space, this result appears in TOADER [197@] as a consequence of a generali-
zation of the BEBUTOV-KAKUTANI-HAJEK theorem; cf. 3.11 below. In WEST [1968],
the above mentioned result has been applied to a compact matrizable G-space
X in order to prove that every action of G on a subset of the Hilbert cube

Q with property Z can be extended to an actién of G on Q. Since every com-
pact”metric space can be embedded in Q as a set with. property Z, it follows
that for every compact metric G-space <G,X,n> there exists an action w' of
G on Q such that <G,X,7> can equivariantly be embedded in <G,Q,m'> as an
invariant subset (having property Z). Actually, local compactness of G is
not necessary for this result. For a "universal" version of this result,

see 3.6 below.

3.3. If ¢ is a cardinal number and X has weight W(X) < x, then X can be em-

bedded in ]RK, hence <G,X,m> can equivariantly be embedded in <G,CC(G,If3,p>.
Observe, that this embedding can be realized by the mapping x v (gOHXIgEF:
X~ CC(G,Bf<) R‘CC(GrI‘)K, where I is a collection of continuous functions
from X into IR which separates points and closed subsets of X, the cardi-

nality of F being k.



15

In DE VRIES [1978] it was shown that F can be choosen according to
these conditions so that for every g € F the collection {gOHX l X € X} is
an equicontinuous set of functions from G to [0,1]. Then the image of X in
CC(G,]RK) is actually an equicontinuous subset of CC(G,[O,l]K). Hence by
ASCQLI'S theorem, it has a compact closure Y in CC(G,[O,1]K). Then Y is an
invariant subset of CC(G,IJ:), and taking for o the restriétion of p to

G X Y, we have pfoved:

3.4. THEOREM. Every G-space <G,X,m> with G a Tychonov space and G locally
compact can equivariantly be embedded in a G-space <G,Y,0> with Y a compact
Hausdorff space of weight W(Y) < max{w(G) ,W(X)}. In particular, if G and-X

are separable and metrizable, then so is Y.

PROOF. Observe, that in the proof outlined above we have
K
w(y) < w(C_(G,R)) = max{W(Cc(G,IR)),K}

for every Kk = W(X). Moreover, it is well-known that w(Cc(G,Iz)) = w(c). O

REMARK. The above theorem appears in DE VRIES [1978]. It generalizes results
of DE GROOT & MACDOWELL [1960]. For a completely different proof, cf.
DE VRIES [1977]. '

3.5. COROLLARY 1. For every cardinal number x = W(G) there exists a compact
Hausdorff G-space <G,Y,c> such that W(Y) = «k in which every Tychonov

G-space <G,X,m> with wW(X) < k can equivariantly be embedded.
K
PROOF. Apply 3.4 to the G-space <G,CC(G,IK y,0>. O

3.6. COROLLARY 2. Let G be a separable metrizable locally compact group.
There exists an action ¢ of G on the Hilbert cube Q such that every G-space
<G,X,T> with X separable and metrizable can equivariantly be embedded in

<G,Q,0>.

PROOF. Apply WEST's result, quoted in 3.1, to the compact G-space <G,Y,q$
from 3.5. [J

[
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3.7. REMARK. Corollary 2 generalizes earlier results which were applicable
only to countable groups; see e.g. BAAYEN [1964], Section 3.4. For other
interesting actions of groups on the Hilbert cube, cf. ANDERSEN [1977].

3.8. COROLLARY 3. Every Tychonov G-space <G,X,m> can equivariantly be em-
bedded in a G~space <G,Y,m> where Y is a compact convex subset of a locally
convex Hausdorff topological vector space, and ¢ is an affine action (i.e,

each‘ct is an affine mapping of Y into itself),

PROOF. In view of Theorem 3.4 we may assume that X is a compact invariant
subset of a linear G-space <G,V,0>, where V is a complete locally convex
Hausdorff topological vector space (cf, also the remarks in Example 4 of
Section 1). It follows that the closed convex hull Y of X in V is compact.)1
Since Y is easily seen to be invariant, the restriction of <G,V,0> to Y is

the desired compact convex affine G-gpace. []

3.9. REMARK. The idea of proof of Corollary 3 was used in WEST [1968]. Aal-
ternative proof: let M(X) be the space of all regular Borel measures on X
(X may assumed to be compact in view of 3.4), and let Y be the closed con-
vex hull of S8[X] in M(X), where §: X »~ M(X) is the canonical embedding of
X in M(X). As a corollary of ALAOGLU's theorem, Y is compact. The action of
G on X induces a linear action of Gd on M(X), and it is quite easy to see
that the restriction of this action to the (compact!) set Y is an action of
G on Y. Obviously, this action is affine.

If G is compact and X is separable metric then in 3.8, Y may assumed
to be a compact convex subset of a Banach space (e.g. CC(G,KZ) = Cu(G,Kz);
cf.3.2). This result is related to JAWOROWSKI [19761, Prop.4.1.

The remainder of this section is devoted to the following question:
can the equivariant embedding of <G,X,n> in <G,CC(G,Bf<),p> be modified so
as to obtain an embedding in a "smaller"™ or "nicer" linear G-space? The
problem is best illustrated by its solutions, some of which we shall present
now. The first one is the well-known BEBUTOV-KAKUTANI theorem. The original
result of BEBUTOV (cf. NEMYCKIY [1949]) applies to the case that X is a

compact metric IR -space, in which the set S of all invariant points consists
[N . PE——

" Cf. for Example BOURBAKI [1953], Chap.I, §4, no. 1.
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of at most one point. In KAKUTANI [1968]1, a new proof of BEBUTOV's result
was given, which applied to compact metric R -spaces in which S is homeo-
morphic with a subset of R . In HAJEK [1971] the result has been generalized
to the form which we shall present below, although his result was still re-
stricted to the case that G = IR. The observation that IR can be replaced

by an arbitrary cpnnected Lie group is due to CHEN [1975] (he made his ob-
servation only for KAKUTANI's proof, but it applies equally well to HAJEK's).

3.10. THEOREM. Let <G,X,m> be a G~space with G a non-trivial connected Lié
group and X a locally compact separable metric space. Then <G,X,T> can equiv-
ariantly be embedded in the linear G-space <G,CC(G,I{),p> as a closed no-.
where dense invariant subset if and only if the set 8 of invariant points in

X is homeomorphic with a closed subset of R.

PROOF. "Only if": obvious, as the set of invariant points in <G,CC(G,IQ),p>
is homeomorphic with R (it consists of all constant functions).

"If" (outline): it is sufficient -to construct a continuous fuhction
£f: X >+ IR such that
(i) for all x,vy € X, x # y, there exists t € G such that f(ﬁtx) # f(wty),

i.e. for_'# fom .

X Y <

(ii) £(x) > in R as x > « in X (that is, for all n € R the set £ [-n,n]

;is compact in X).
Indeéd, condition (i) implies that the function F: x'+,fonx: X +~CC(G,]R)
is a continuous injection, and then condition (ii) implies that F is a
closed embedding. Since X is locally compact, F[X] can have no interior
points in the topological wvector space CC(G,II), otherwise CC(G,I{) would
be locally compact, hence finite dimensional by a well-known result from
functional analysis; but this would contradict connectedness and non-trivi-
ality of G.

In order to prove that £: X - R with properties (i) and (ii) exists,
first construct a continuous extension fo: X - R of the given homeomorphism
h from the set S of invariant points of X onto a closed subset of IR ; using
TIETZE's extension lemma this can be done in such a way that fo(x) - ® as-
x =+ o; cf, HAJEK [1971], Lemma 6. Thus, the set F of all continuous exten-

sions of h having property (ii) is a non-empty closed subset of Cu(X,El)
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(i.e. C(X,R) endowed with the uniform topology). Then F is a complete
metric space, and an application of BAIRE's theorem shows that F contains
an element f having property (i). See HAJEK [1971] for details (where Lemma
17 of HAJEK [1971] should be complemented by CHEN [1975]). [I

3.11. REMARKS. We cannot apply Theorem 3.4 in order to be able to assume
without restriction of generalty that X is compact: we have no information
about the invariant points in possible compactificaticns of X. Even the
passage from X to its one point compactification in the case that X is local-
ly compact (i.e. adding one invariant point) may raise the dimension of 5.

The same proof as above works if S is homeomorphic with a closed subset
of ng for some integer N; then <G,X,7m> can be equivariantly embedded in
<G,CC(G,I£J),p>; see HAJEK [1971]. For the case G = R and X compact metric,
it was shown in TOADER [1974] that ®' can be replaced by an arbitrary Banach
space; the proof is, up to some obvious modifications (e.g. using DUGUNDJI's
extension theorem instead of TIETZE's lemma) an almost literal translation
of KAKUTANT [1968]. A similar modification could probably be made for
theorem 3.10 in its general form, but it must be admitted that the result
obtained so (equivariant embedding in <G,CC(G,V),p> if the set S of invariant
points can be embedded in V) is hardly preferable over the much simpler
construction indicated at the beginning of this Section in 3.1.

. For a version of the BEBUTOV-KAKUTANI-HAJEK theorem for local dynami-
cal systems, see CARLSON [1972al.

The next result which we present is due to CARLSON [1972b]. It employs
the linear IR -space <I2,C:,T> which is defined by a partial differential
equation (cf. Section 1, Example 3). The result states, roughly, that the
action of R on a separable metric space can be cobtained as solutions of a

partial differential equation.

3.12. THEOREM. Every R -space <R ,X,T> with X a separable metric space can

equivariantly be embedded in the linear TR -space <IR,C:,T>.

PROOF. By Theorem 3.4 above, X may supposed to be a compact metric space,
so we need only to construct an equivariant continuous injection of X into

C:. First, apply 3.3 so as to obtain an equivariant embedding
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‘ N
X B A(fn°'n'x) neN : <R ,X,7> > <R ICC(]R R ) 0>,

where the mappings £ define an embedding of X into [O,l]Iq. Now the func-

X

tions fHOﬂX' n € N, are glued together to a mapping xl+-gx: X > Bfm']R, as
follows:

£ om (2t-s) if 3n-3 £ s-t £ 3n-2

) n x
t) ==
g, (s,t)
0 otherwise.

For an averaging procedure, transforming the functions I, into elements

g, € Ct, we refer to CARLSON [1972b]. The resulting mapping x + §x: X > Ci
turns out to be an equivariant continuous injection. As X was supposed to

be compact, it is actually an embedding. [J

3.13. REMARK. In CARLSON [1972b]1 our Theorem 3.4 was not yet available, and
in that paper an additional condition on the action m of IR on X was re-
quired in order to guarantee that x!+'ax is an embedding.

We shall give now a sort of generalization of the method, used in 3.12

for the case of a group G other than IR; see also DE VRIES [1975a].

3.14. THEOREM. Let <G,X,7> be a ttg with G an infinite locally compact
topological group and X a Tychonov space of wéight W(X) < L(G), the Lindeldf
degréé of G. Then <G,X,nw> can equivariantly be embedded in the linear

G-space <G,CC(GXG,Ei),r> of Example 5 in Section 1.

PROOF. Although the result is also valid if G is compact, we shall assume

for convenience that G is not compact. Then there exists a family of con-

tinuous functions {wi ] i € I} from G into the interval [0,1] such that I

has cardinality L(G), and

(i) For every i € I there is ti € G such that wi(ti) = 1;

(ii) The supports of the functions ¢i for 1 ¢ I form a disjoint locally
finite family of closed subsets of G.

Cf. DE VRIES [1975a], p.115. Now define T: m§[+-]f; by
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wi(t)gi if t € support wi
T(g) (t) == ,
0 if t ¢ U support ¥.
Jjel J

for £ = (Ei)ieI € ]RI and t € G. Using the properties (i) and (ii) of the
family {wi | i € I} one shows readily that T(§) € C(G,R) for every § ¢ ]RI,
and that T is, in fact, a topological embedding of I@I into CC(G,IQ) (the
rather easy proof appeafs, somewhat obscured by other arguments, in
DE VRIES [1975c], Section 7.2). Now I induces an equivariant embedding of
<G,CC(G,E£:),p> into <G,CC(G,CC(G,I{)),p>. Since the latter G-space is iso-
morphic to <G,CC(GXG,IQ),r> (use DUGUNDJI [1966], XI1I1.5.3 and the fact that

G is locally compact), our theorem follows immediately from 3.3. a

3.15. The proof above has been motivated by the following well-known em-
bedding of [0,1]Z into Cu([O,lj,JR). Let nv a : Z [0,1] be an order
preserving injection such that an + 1 for n =+ « and an +~ 0 for n + - », For
£ = (En)nEz € [0,1]Z , let £ ¢ c([0,11,R) be the function cbtained by
linear interpolation from the values E(an) t= lnl_lgn at the points an and
E(0) = £(1) = O. Then £+ £: [0’1]ZZ > Cu([O,IJ,Ii) is a topological em-
bedding, inducing an equivariant embedding of <G,CC(G,[0,1]ZG),p> into the
linear G-space <G,CC(G,Cu([O,1],]R)),p>. The latter is isomorphic with
<G,C6(GX[O,1],]R),r>, where rtf(s,a) := f(st,a) for t € G, £ ¢ Cc(GX[O,lj,E{)
and (s,a) € G x [0,1]. Together with 3.3 this result implies that every
separable metric G-space <G,X,T> can equivariantiy be embedded in the linear
G-space <G,CC(G,Cu(\[/O,1],\]/1?/)),D> ~ <G,CC(GX[O,1],]R),r>. Originally, this
result is due to ROZKO & SCERBAKOV [1968].

If G is sigma-compact, then CC(G,ZZ) is a complete metrizable locally
convex topological vector space (i.e. a Fréchét space). Thus, by 3.2, every
separable metrizable G-space <G,X,T> can equivariantly be embedded in a
linear Fréchét G-space if G is sigma-compact. However, in that case we can
even obtain an equivariant embedding into a linear Hilbert G-space. To this
end, we shall need the linear Hilbert G-spaces <G,LZ(G,H;\)),p>, defined in

Example 7 of Section 1.

&
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3.16. THEOREM. Let G be a sigma-compact group, and let H be a Hilbert space
of weight k. Then every G-space <G,X,m> with X a metrizable space of weight
w(X) < k can equivariantly be embedded in the linear Hilbert G-space

<G,L2(G,H;v) ,p>.

EBQQE: The space X can be regarded as a subset of the unit ball

{¢ | £ e Halel <1} of H, This induces an equivariant embedding m:

x > T i <G X, > > <G,CC(G,H),p> (c£.3.1). Since for every x € X, 7_ maps G
into the unit ball of H, it follows that nx € LZ(G,H;v), because v is a
bounded measure and HX is continuous. Since the support of v is all of G,
it is obvious that m: X -+ L2(G,H;v) is injective. Continuity is shown as
follows. Let x € X and € > 0. By regularity of the measure v there exists
a compact set K in G such that v(G~K) < 82/8. A standard compactness argu-
ment shows that there exists a neighbourhood U of x such that

1/2

Iw(t,x)-m(t,y) I < e(2v(K)) " for all t € K and y € U. Now

2 : 2 2
wa-wyﬂ < J an(t)—ﬂy(t)ﬂ dv(t) + J_an(t)—ﬂy(t)ﬂ dv (t)
G~K K
32 2
< 4v(G~K) + 5\'}'(—127' v(K) < €

for all y € U. So 7 is a continuous equivariant injection of <G,X,m> into
<G,L2(G,H;v),p>. In order to prove that m is an embedding, consider x € X
and a sequence (x )

n nelN

2
"ﬂxn(t) - ﬂx(t)“ dv(t) = 0. Then every subsequence of (x ) .

with lim, - lw(e,xy,) = T(t,x)1” = 0 for

in X such that my > 7 in L2(G,H;v), i.e.,
14
lmn—)co -f G

has a sub-subsequence (xni)iE]N
v-almost every t € G. Since every m is a homeomorphism, it follows that

Xp, > X. Consequently, x = x for n > «. O

nj

3.17. COROLLARY. If G is compact, then every metrizable G-space <G,X,m>

can equivariantly be embedded in a unitary Hilbert G-space.

PROOF. In this case, we can take v = py = right Haar measure. The unitary
G-space in which <G,X,m> can be equivariantly embedded is <G,L2(G,H),p>;

cf. Section 1, Example 6. [l

3.18 REMARKS. Constructions of the type, exhibited in the proof of 3.16 can
be found at several places in the literature. The trick is, of course, the

existence of the measure v on G, i.e., the existence of the weight function

w on G, as shown in Example 7 of Section 1. The proof given above is a
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modification of DE VRIES [1972] which, in turn, was based on results of
BAAYEN & DE GROOT [1968]. For G = Z , a similar method was used in WILLIAMS
[1976]. Corollary 3.17 is a modification of the well-known result that every
representation of a compact group on a Hilbert space is equivalent with a
unitary representation; it appears also in DE GROOT [1962] and in PALAIS
[1961]. In the latter paper it was proved by a rather complicated method,
using so—called‘slices; see also 3.19 below.

If G is not compact, one may ask whether a metrizable G-space <G,X,T>
can be equivariantly embedded in a unitary Hilbert G-space. Some additional
conditions seem necessary because an affirmative answer would imply the
existence of an invariant metric on X. Our final result is a slight gener-
alization of PALAIS [1961], where the result has been proved for the case
that G is a Lie group. First, we need some definitions.

A set A in a ttg <G,X,m> is called a small set if every point x € X

has a neighbourhood U such that
t ' ,
(u,a) :={teGc | TUunaAa#dg}

has a compact closure in G. The ttg <G,X,n> is said to be proper whenever
every point x € X has a small neighbourhood (this definition differs from
the one in BOURBAKI [19711; for a discussion of the difference, cf. ABELS
[19?4],1.6). If H is a subgroup of G and <H,X,7m> is a ttg, then an action

T of Gon G X X can be defined by Tt(s,x) B (st_l,ﬂtx) for t € H, and
(s,X) € G X X. The orbit space of <H,G XX,T> (i.e. the gquotient space of

G X X, obtained by identifying points which lie in the same orbit) will be
denoted by GXHX and the canonical quotient mapping of G X X onto GxHX by
(s,x) » [s,x]. Then by ﬁmfs,x] := [ts,x], t € ¢ and [s,x] € Gx X, an action
T of G on Gx X is defined such that the mapping x+ [e,x]: X = Gx X is

H-equivariant. For categorical properties of this construction, see

DE VRIES [1979bl].

3.19. THEOREM. Let <G,X,T> be a proper ttg with X a separable metrizable
space. Then there exists an equivariant embedding of <G,X,w> in a unitary

Hilbert G-space <G,H,o>.

&
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PROOF. (outline). The proof is a modification of Section 4.3 of PALAIS
[1961]. It consists of the following steps.

1. If H is a compact subgroup of G then every unitary Hilbert H-space
<H,H,0> admits an H-equivariant embedding in a unitary Hilbert G-space
<G,H',0'>, This is exactly Lemma 1 of PALAIS [1961], Section 4.3. The proof
uses general representation theory of compact groups and the Stone-Weierstrass
theorem. ’

2. If H is a compact subgroup of G and a Ga—subset of G, and if the H-
space <H,S,T> can H-equivariantly be embedded in the unitary G-space
<G,H',0'>, then the twisted product <G,GXHS,%> can G-equivariantly be em-
bedded in the unitary Hilbert G-space L2(G) ® H'. A proof can be given,
based on ideas from PALAIS [1961], 2.1.4 and Section 4.3.

3. If H is a compact subgroup of G and a G

- $
metrizable H-space <H,S,Tm> there exists an equivariant embedding of

-subset of G, then for every

<G,GXHS,;> in a unitary Hilbert G-space. This is an immediate consequence
of 1, 2 and 3.17.

4. In order to prove the theorem, we may assume without restriction
of generality that G acts effectively on X. Since X is separable and metriz-
able, this implies that G is metrizable, and every compact subgroup of G is
Gg-set in G. By a result of ABELS [1978], X can be covered by invariant open
subsets, each of the form <G,GXHS,ﬂ> for some compact subgroup H of G. By 3,
each of them can equivariantly be embedded in a unitary Hilbert G-space.

Using the technique, used in the proof of Lemma 3 of PALAIS [1961], Section

4.3, the proof can be completed. [I

3.20. Also in ergodic theory there are results about embeddings of certain
systems in "shift systems" which are actually subsystems of <I§,CC(I{),Q>.

See e.g. EBERLEIN [1973] and the references given there.
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